Scalar fields in anti de Sitter space whose masses lie between the Breitenlohner-Freedman bound and the unitarity bound are considered to be dual to two distinct CFTs depending on the choice of boundary conditions, and these CFTs are related by Legendre transforms. The same relationship is expected to hold when the theory is considered on R d−1 ×S 1 with thermal periodicity imposed on S 1 . The zero momentum susceptibility of the Legendre pair is such that one of the pair always has negative susceptibility. We show that this negative susceptibility corresponds the distribution of an observable being non-normalizable. The dichotomy of this Legendre transform pair can be extended by including double trace deformations. We show that the Legendre transform and the double trace deformation combines to form an SL(2, R) family of theories. The three generators of SL(2, R) are shown to correspond to double trace deformation, contact term deformation, and overall scaling. We provide an explicit description of the region in SL(2, R) theory space where the susceptibility is negative and the theory is unbounded. We also map out the region in theory space where a tachyon appears in the spectrum. These two regions overlap partly, but are not identical. We also discuss implications of these findings to AdS/CMT applications and the correlated stability conjecture.
Introduction
In this article, we examine aspects of the AdS/CFT correspondence with the alternative boundary conditions originally considered by Klebanov and Witten [1] . We will therefore begin by reviewing the basic background for this subject.
It is well established that a scalar field in AdS d+1 with mass m can be interpreted as a dual of an operator with dimension ∆ + or ∆ − depending on whether one imposes a Dirichlet or a Neumann boundary condition for the scalar fields at the boundary of anti de-Sitter space [1] . Here,
and the mass 1 m is restricted to the range
where the first inequality is the Breitenlohner-Freedman bound and the second inequality is the unitarity bound [2] 
In standard convention where AdS d+1 has a metric of the form The term proportional to p 1 is the dominant term over the term proportional to p 2 .
Fixing p 1 (x) and interpreting it as deforming the CFT by an insertion of
is referred to as the Dirichlet prescription and is the standard prescription in AdS/CFT where the operator O + is assigned a dimension ∆ + .
The alternative prescription considered by Klebanov and Witten is to fix p 2 (x) instead and to interpret the CFT as being deformed by an insertion of
This prescription is referred to as the Neumann prescription. Neumann theories provide the "alternative" AdS/CFT correspondence which, at least in the most basic form, make sense only in the range (1.2).
On the bulk side of the correspondence, one is changing the boundary condition of the bulk field. As such, it is altering the physics. This choice naturally maps to a different CFT in the correspondence, as evidenced by the difference in the dimension of the operator appearing in the theory.
Although the Dirichlet theory and the Neumann theory are distinct theories, there are several relationships between the two. One is the fact that the generating functional (1.8) and
(1.9)
are related to each other by quantum Legendre transform [1] 
(1. 10) Here, N parameterizes the strength of quantum effects on the bulk side.
The other important relationship is that one can flow from the Neumann theory to the Dirichlet theory by deforming by a double trace operator term 3 αO − (x) 2 which is a relevant operator for the Neumann theories [3] [4] [5] . The double trace deformation can further be interpreted as a deformation of the boundary condition which does not preserve conformal invariance [6] [7] [8] [9] . As is usual, the IR limit corresponds to taking the scale of the relevant deformation α to infinity.
At this point, let us introduce the main issue which will be the subject of this paper. It is very common to consider AdS/CFT at finite temperature, where one explores the phase structure of the corresponding system, treating the operators of the UV fixed point CFT as order parameters. The subject of exploring thermal phase structure in terms of dynamics of order parameters is a classic issue. We found a review [10] to be particularly inspiring, but similar discussions can be found in many textbooks and review articles. A partial list of works discussing thermal phase structure using AdS/CFT as a tool to probe order parameters include [11] [12] [13] [14] [15] [16] [17] [18] [19] . The comprehensive list would be so big that it would be impractical even to attempt to generate. Interesting phase structure can arise as a result of non-linear dynamics of bulk degrees of freedom. In bottom up models, these non-linearities are constructed by hand. In some examples, non-linearities are inherited from the nonlinearity of the gravity theory. There is also a large body of literature examining phase structure of brane embeddings where the non-linearity is inherited from the structure of Born-Infeld actions. We were primarily motivated to consider these issues in the context of our own recent work [20] although, a large body of literature exists on related topics.
The main issue we will be discussing arises already in a linear system, so let us first consider a simple system of a free scalar field on the bulk side. All relevant information about the equilibrium thermal physics can be extracted by considering a compactification of the boundary theory to R d−1 × S 1 with Euclidean signature, with thermal boundary conditions for bosons and fermions along the S 1 . The period of S 1 is then the inverse temperature, and the bulk background geometry becomes the large Euclidean AdS-Schwarzschild geometry, which caps off the core region. The spectrum of physical states is then gapped, as was explained in [21] .
To proceed, let us take replace
1) to make the sample finite in size. We can then consider computing a two point function of the zero momentum component, in all of
which is a simple and standard observable in AdS/CFT
These observables can be inferred by computing the second derivative of Z[p ± (x)] with respect to the zero momentum component of p ± (x). In other words,
(1.12)
We will refer to Ξ as the susceptibility and is a quantity of dimension
Since O ± is a real observable and the susceptibility is the expectation value of a square of this quantity, it is natural to think of the susceptibility as positive definite quantity. One can in fact define a notion of an effective potential for the expectation value of O ± in the sense of [22] 
and as such, in order for the effective action to properly capture the normalizable Gaussian distribution, Ξ ± must be positive definite.
Let us now recall the basic fact that the generating functions for the Dirichlet and Neumann theories are related by Legendre transforms. This implies that
from which we read off the relation
This relation has the correct dimensionality, but has one startling implication, that if one of Ξ ± is a positive real number, the other must be a negative real number. This fact is in direct conflict with the positive definiteness expected for the susceptibility observables.
Explicit computation for Ξ ± using AdS/CFT method will be presented in Appendix A, but the conclusion of that analysis states that while for m 2 > 0 the Dirichlet theories have positive Ξ + , for m 2 < 0, it is the Neumann theories which have Ξ − > 0. 4 Dirichlet theories with m 2 < 0 have negative susceptibility Ξ + < 0.
These empirical findings raise several fundamental questions. Does the negative susceptibility imply somehow that the model is ill defined? Does this mean that the standard Dirichlet prescription for AdS/CFT for scalars in range (1.2) is ill defined? Does the pathology of negative susceptibility manifest itself physically in other ways such as tachyons and ghosts in the spectrum?
In order to address these questions, it is useful to consider a family of theories forming a set for which the Dirichlet and Neumann theories are special elements. We will begin by considering the double trace deformation of the Neumann theory. The action of double trace deformation and Legendre transform do not commute, and we find that by combining these operations, we span a parameter space whose structure is that of SL(2, R). This is completely analogous to the SL(2, Z) structure identified by Witten for vector fields in anti de Sitter space [23] . We will analyze the stability and boundedness 5 for each of the theories parameterized by SL(2, R) and construct a map summarizing their physical characteristics. This map will provide the data and the context required to answer the questions enumerated in the previous paragraph. We will identify the three generators of SL(2, R) as parameterizing the double trace deformation, contact term, and overall normalization of the operator dual to scalar field.
Most of what we describe is rather elementary and could perhaps be inferred from piecing together statements which can be found in the literature. However, it is also the case that they are not universally recognized and appreciated in the community, and we felt that it would be valuable to spell it out explicitly as we did in this paper. This paper is organized as follows. It will turn out that most of the salient issues can be discussed effectively in a context of a toy model which dramatically simplifies the bulk dynamics. The toy model does not have a simple field theory dual in the holographic sense, but the issues of boundedness and stability can be explored cleanly in this simple setting. We will then describe how the analysis of the toy model can be embedded back into an AdS/CFT context. We will then describe implications of these results for previous work on holographic phase transitions. We will discuss possible further applications in the concluding section.
Very similar issues of boundedness and stability were also explored in [24] [25] [26] [27] . The main difference between our work and this previous work is that the previous work focused mainly on constructions based on Neumann theories. Our work aims to place the Dirichlet theories into a unified framework with the Neumann theories and to highlight the role played by contact terms.
A toy model
In this section, we will describe a toy model which captures most of the essential aspects of the questions posed in the introduction.
Consider a scalar field φ(z) living on an interval 0 < z < L. Let us impose a Dirichlet boundary condition at z = 0.
φ(0) = 0 (2.1)
We will now consider an ensemble of field configurations φ(z) weighted by a functional expression
Boundedness
To complete the definition of the toy model, we need to specify the boundary condition at z = L and the "holographic observable." We will consider two possibilities.
1. We define the Neumann theory to be the one where we impose the boundary condition
for some J and we define as the holographic observable the value of the field at the boundary
2. We define the Dirichlet theory to be the one where we impose the boundary condition
for some J and we define as the holographic observable the derivative of the field at the boundary (where the factor of L is there to keep the dimensions of
Note that z = L is the analogue of the boundary of AdS space, whereas z = 0 is the analogue of the Euclidean horizon. L is the analogue of 1/T . ζ is the analogue of N which parameterizes the strength of fluctuations. The Dirichlet and Neumann boundary conditions and the choices of observables are precisely analogous to the prescription used in computing holographic correlation functions.
Because the ensemble we introduced is free, we expect the observable to be weighted by a Gaussian distribution. The only physical characteristic of this system is the width of the Gaussian distribution. We will refer to the systems for which the width of the Gaussian is positive and finite as "bounded."
There are a variety of ways to compute this Gaussian width. Perhaps the most elementary is to expand φ(z) in modes, and treat the problem as essentially that of infinitely many harmonic oscillators. The width of the Gaussian will then be the weighted sum of the width of individual normal modes, where the weights are characterized by how O decomposes into normal modes. Doing this exercise leads to a minor surprise. For the Neumann theory, we find that
which is finite, positive, and convergent, but for the Dirichlet theory, we find
which formally, by zeta function regularization (where n 1 = −1/2), might be considered
but strictly speaking, should be considered infinite in the sense of (2.8) . This is indicating that the distribution is not normalized. This feature can be seen quite explicitly by drawing an ensemble of configurations of φ(z) which are randomly generated with the appropriate weight. A result of such an analysis is illustrated in figure 1 , where we have plotted samples of string configurations weighted according (2.2) with arbitrary but high UV cut-off for the sake of argument. The left plot corresponds to having imposed the Neumann boundary condition at z = L and the right plot corresponds to having imposed Dirichlet boundary condition. What we glean from these plots is that for Neumann boundary condition, φ(L) appears to form a distribution centered around origin with the width of order one as expected. However, for the Dirichlet case, the slope ∂ z φ(L) appears unbounded as the cut-off is removed. This appears to suggest ∂ z φ(L) is not distributed in a normalizable sense in this ensemble.
The immediate conclusion is that Dirichlet theory is indeed unbounded. This is consistent with the reciprocity relation (1.16) implying that at least one of the pairs of theories related by Legendre transform must be unbounded. Taken at the face value, however, it suggests that all Dirichlet theories which are unbounded must be discarded. That seems like a rather drastic claim, since many models which are unbounded have been studied in the literature in various contexts, and all of that would have to go out the window. Thankfully, the real story is a bit more subtle. In order to understand this subtlety, it is useful to extend the theory space from two points we have been considering so far, to a continuum generated by the analogue of the double trace deformation which generalizes the boundary condition.
Double trace, contact terms, and SL(2,R)
In this section, we extend the discussion of boundedness in the previous section from that of two isolated points to a continuous family. The starting point is to recall that in the AdS/CFT context, double trace deformations had the effect of linearly deforming the boundary condition [6] [7] [8] [9] . Also recall in (2.4) and (2.6) that the choice of observable being considered were different between the Dirichlet and Neumann theories. One could easily consider a linear combination of the two.
With that in mind, let us consider a generalization where we take the observable to be
where a, b, c, and d are real numbers. Up to trivial overall rescaling, one can view
as forming an element of SL(2, R). We recognize that
reproduces the Neumann theory and
reproduces the Dirichlet theory. Other choices of Λ give rise to an SL(2, R) family of generalizations. A natural parameterization of the space of theories then is to use Λ as an SL(2, R) deformation acting on the Neumann theory.
Although this toy model does not have any natural holographic interpretation, it is useful to point out the schematic connection between the SL(2, R) structure under consideration and the double trace deformations in AdS/CFT. For this, note that the ensemble for φ(z) can be formulated as a path integral with boundary deformation as follows. Define
By analyzing the boundary component of equation of motion in the saddle point limit, one can confirm that the operator
and the boundary condition
is equivalent to (2.10) and (2.11) provided we identify
An auxiliary field ρ was introduced in (2.15) in order to ensure J coupled linearly to the field variables. One can reproduce the susceptibility (2.20) by analyzing the fluctuation of βφ(L) + ρ which is the field variable sourced by J.
The computation of susceptibility
is straightforward and can be done in a variety of ways. One way to find it is to compute
The trick of replacing O with δ/δJ works because J was coupled linearly to the fields in (2.15). Not surprisingly, the susceptibility transforms modularly under SL(2, R). This result is consistent with the results quoted earlier for the Dirichlet and the Neumann points.
The theory is bounded for Λ such that
This is one of the important conclusions and we will comment further on this condition on Λ shortly.
The parameters α, β, and γ parameterize the three independent coordinates of SL(2, R). In order to interpret them separately, let us first consider setting γ = 0 which will have the effect of freezing out ρ. Then, β simply tunes the normalization of O. We might as well then set β = 1. If we set α = − L/2, we see that
which one might think of as a T -generator of SL(2, R). The fact that T generator and
can be combined to span all of SL(2, R) necessitates the presence of β and γ as adjustable parameters that we must also consider, much in the way that the SL(2, Z) structure was argued to be present for the spin 1 case in [23] .
In order to understand the physical interpretation of the γ parameter, note that setting α = 0, β = 1, and γ = L/2 ones gets
which generates an additive shift to χ. This is important in that the Dirichlet theory which we found to be unbounded can be "repaired" by adjusting γ. We will show shortly that the γ deformation should be viewed as a contact term deformation 6 . When thinking only about conformal fixed points, one often tends to remove contact term contributions as being physically meaningless. When the theory is gapped as is the case when we consider AdS/CFT on R d−1 ×S 1 , that is no longer the case. The fact that the contact term is part of the definition of the theory was also stressed in [23] . One of our main conclusions will be the fact that these contact terms must be specified in order to ensure that the holographic duality is unambiguous.
Aside from the double trace and contact term deformations, there is a relatively trivial deformation (when α = γ = 0)
Left multiplication by this element essentially amounts to adjusting the normalization of O and as such is physically trivial. Although the group manifold of SL(2, R) is AdS 3 and is three dimensional, one might be tempted to collapse the parameter space from three to two by quotienting the space of theories with respect to left multiplication by this hyperbolic element of SL(2, R). Unfortunately, this introduces a multi-component quotient space exactly analogous to what one finds when constructing the BTZ orbifold by modding out with a discrete choice of β's [28] . We find it more convenient to include this trivial scaling as part of the theory space whose geometry is familiar.
Stability
In earlier subsections, we demonstrated that a fluctuating bulk system and an observable defined at the boundary can be engineered to have susceptibility of either sign, and when the sign is negative, the observable is unbounded. It is tempting to relate boundedness with dynamical stability. Such a relation would essentially amount to the correlated stability conjecture when considered in the context of AdS/CFT [29] .
In order to contemplate dynamics and stability, it is necessary to introduce the notion of space and time. We can do so trivially by generalizing φ(z) to φ(z, x). To keep things simple, let us simply introduce one extra dimension, parameterized by x.
The path integral expression for the generating function (2.15) becomes
The relevant observable is the expectation value
where
and V is the usual volume factor which generally appears from momentum conserving delta functions. It is straightforward to verify that
and that
It is also straightforward to show that
from which we find that the poles are where we expect, at
These poles at negative k 2 becomes physical states when x is Wick rotated into a time-like coordinate.
The poles for generic Λ can be read off from (2.30) . A pole at positive k 2 is a tachyon, and is a signal that the system exhibits perturbative instability. The condition for a tachyon to exist is for
to have a solution for real values of k. Because G N (k) = tanh(Lk)/Lk takes values in the region 0 < G N (k) < 1, we infer that a tachyon is present when
This is an important result that we will elaborate further in the next subsection. It is noteworthy that this condition depends only on c and d, and not on a and b. Recall from (2.11) that c and d parameterized the boundary condition. It does not depend on a and b which parameterizes the choice of the observable (2.10) we identify as physical. It is reasonable that the spectrum only depends on boundary condition. Furthermore, by writing (2.30) in the form
we see that after fixing c and d, the degrees of freedom a and b in (2.10) are essentially tuning a k-independent additive constant to the two point function, which clearly will not change its pole structure. This is what we expect for contributions from contact terms. There will be certain physical features which will be insensitive to the freedom in choosing (2.10). For most observables the effects of contact terms are trivial. This is especially the case when applying the LSZ procedure to extract scattering amplitudes in quantum field theory. However, in AdS/CFT correspondence, we have access to off-shell observables on the field theory side. Contact terms affect these observables, and modify the thermodynamic equations of state. As such, they are physical. This point was also raised by Witten in [23] .
Before moving on, let us discuss the effectiveness of effective action [22] defined as
which we can compute in derivative expansion. Because the system we are considering so far is Gaussian, this effective action can be computed in closed form
where we find that
So the mass which we read off from this derivative expansion is 1, which then corresponds to the region (c + d) ≈ 0 which is equivalent to the condition that |χ Λ | 1.
Summary
We have accumulated quite a bit of data at this point, and it would be useful to present them in a form that is easy to visualize. Let us therefore provide a summary of our findings so far.
We have considered a toy model consisting of a scalar field φ(z, x) with a simple Laplacian action. We have taken z to be on a interval of length L, and imposed a Dirichlet boundary condition φ(z, x) = 0 at z = 0. We then considered an SL(2, R) family of systems for defining an observable at the boundary, where the observable and the boundary condition were specified according to (2.10) and (2.11). The three generators of SL(2, R) were understood as tuning the magnitude of the double trace deformation, the magnitude of the contact term, and the normalization of the operator. For each element of this SL(2, R) family of models, we computed the two point function (2.30) from which we can infer the susceptibility (2.20), and the spectrum of fluctuations, which corresponds to the poles of (2.30).
Let's recall the explicit form of the susceptibility (2.20)
We have found that (2.10) is not bounded in its distribution if χ Λ is negative. In order to visualize the regions in the space of SL(2, R) where χ Λ is positive or negative, it is useful to use the cylinder parameterization of AdS 3
and then use the compact radial coordinate
The resulting cylinder is illustrated in figure 2 .a The locus where χ Λ = 0 (or a + b = 0) is illustrated with a gold leaf. The locus where χ Λ = ∞ (or c + d = 0) is illustrated with a red leaf. In the region bounded above by the red leaf and below by the yellow leaf, χ Λ is positive. Conversely, χ Λ is negative in the region bounded above by the yellow leaf and the region bounded below by the red leaf. We have also shaded the region where χ Λ < 0 in light red.
Since three dimensional plots are sometimes dense and cumbersome to read, we have also illustrated the cos(φ) = 0 cross section of the cylinder in figure 2.b.
We see that exactly half of SL(2, R) parameter space has positive χ Λ , as one might have expected.
We have also indicated the Neumann point Λ = One important point which we wish to bring up at this point is that although the Dirichlet point is in this region, there also exist close cousins which differ only in the contribution of the contact term and rescalings. Such models correspond to
or d = 0, and are indicated by the blue leaves in figure 2 . The main observation we wish to highlight with regards to the blue leaf is the fact that it extends into the region where the susceptibility is positive. This is stating that the Dirichlet model which is unbounded can be modified by tuning the counter-term contribution into a close cousin which is bounded.
It is interesting to compare these regions to (2.34) where the tachyons appear in the spectrum. It is not difficult to read off that (2.34) corresponds to the region bounded above by the blue leaf and below by the red leaf, as is illustrated by shaded blue region in figure  2 . It makes sense that these regions depend only on c and d, and not on a and b, which parameterizes the element of SL(2, R).
There are several points worth noting regarding the tachyonic region shaded in blue. The fact that it is bounded by the red leaf, where the effective mass is small and therefore that the effective action (2.37) is reliable, implies that that Γ(v) is correctly capturing the appearance of instabilities when the susceptibility is switching sign. It is, however, also noteworthy that tachyons can appear even when the susceptibility is positive. In fact, because the shaded blue region is also bounded by the blue leaf, it follows that Dirichlet point and its cousins related by contact term deformation are all at the threshold of instability. It was clear a priori that the region of negative susceptibility and region containing tachyons can not be In the region shaded in red, the susceptibility is negative and the theory is unbounded. In the region shaded in blue, the spectrum of small fluctuations contain a tachyon. (b) Since the three dimensional plot is somewhat cumbersome to read, a two dimensional cross-section for φ = 0 and φ = π is also illustrated.
identical since the former depends on a and b as well as c and d, whereas the latter only depended on c and d. What was not clear was if and how these two regions overlapped. We find that these regions do indeed overlap, but we also find that one is not contained in the other. We are therefore led to conclude that the region where the toy model is completely well defined is the unshaded region around the Neumann point bounded by the red, the gold, and the blue leaves.
Since left or right multiplication by an element of SL(2, R) acts as an automorphism (in a set theoretic sense) on this space of theories, one can modify what is illustrated in figure  2 by such action. In other words, figure 2 is specified uniquely only up to such SL(2, R) action. However, the topological features of the intersections and overlaps of leaves and shaded regions are unaffected by this ambiguity.
Although we have only presented these results in the context of a toy model, we will show in the following sections that many of these features apply verbatim when the analysis is repeated in the context of AdS/CFT correspondence. This has immediate ramifications for the correlated stability conjecture of [14] . The regions where the red shaded region and the blue shaded region do not overlap is an explicit counter-example. While various counterexamples to the correlated stability conjecture have been presented in the literature [30] [31] [32] , we feel that it is rather compelling to spell it out in black and white (or in this case, red and blue) as is illustrated in figure 2 . We also stress that both boundedness and stability are physical features.
Scalars in anti de Sitter space
So far, we have presented our analysis entirely in the context of a toy model which mimics the relationship between the bulk and boundary dynamics without any reference to anti de Sitter space. We will show in this section that the features enumerated in the previous section can be embedded straightforwardly in the context of the AdS/CFT correspondence.
In this section, we will consider a minimally coupled non-interacting real scalar field in Euclidean AdS-Schwarzschild geometry. We will consider the effects of adding interactions in the following section. We do not expect the gravitational back reaction to dramatically modify the picture presented in this paper, but will leave careful examination of this issue for future work.
The metric of the AdS d+1 -Schwarzschild geometry is
Regularity requires the t coordinate to be periodic
We will take x to be the coordinates in (d − 1) dimensions which we also take to be living on T d−1 of volume V d−1 but whose radii is much larger than T −1 .
The action for the minimally coupled scalar is
Recall that the mass parameter m is dimensionless in our conventions.
It is useful to scale out r 0 by setting
We also rescale Φ(r) = 1 e r 0 R 2
so that the action becomes
and
being dimensionless, with V d−1 being the volume of T d−1 . We have also kept only the zero mode in the x direction to keep the equations from getting too cluttered. It is straightforward to generalize to the case with non-vanishing momentum along x. The coordinate u is such that u = 1 corresponds to the horizon where the equation of motion degenerates due to the factor of f , giving rise to the standard regularity condition for φ(u). In these coordinates, the boundary of anti de Sitter space is at u = ∞. The parameter e controls the overall normalization of Φ relative to φ and does not affect the physics for free theories, but becomes important when interactions are included in section 4.
At this point, we can introduce the partition function Z[J] generalizing (2.15) and (2.26) which we considered in the context of the toy model. We define
The term in the second line is the standard holographic counter-term [33] . The term proportional to α is recognizable as the double trace term, e.g. the term proportional to λ in equation (3.1) of [34] . The inclusion of terms involving ρ is somewhat new. The idea of coupling a field by hand to the boundary theory is not by itself so new, and the ρ field can be viewed as such a field. Here, the dynamics of ρ is trivial and only contributes an additional contact term as can be inferred from the absence of kinetic terms or interactions. The point we wish to stress is that the inclusion and accounting of such contact term contributions arises naturally as part of the SL(2, R) family of deformations generated by combining the double trace deformations and the Legendre transforms. Furthermore, we are claiming that the contact term plays an important role in ensuring that the model is bounded.
The remainder of the analysis is completely standard and straightforward. The scalar field φ(u) has an asymptotic expansion at large u of the form
as usual. Just like in the toy model, we can read off the boundary condition and identify the degree of freedom sourced by J, and find
This can be given the same SL(2, R) identification as in the toy model
The factor of (∆ + − ∆ − ) is a bit annoying, but since that is just a positive number of order one, if we define the "operator"
and the dimensionless susceptibility χ = δO δJ (3.18) in complete analogy with (2.20), we find that
where χ N = dp 1 dp 2 (3.20)
is the dimensionless susceptibility for the Neumann theory.
This χ N is related to Ξ − defined earlier in (1.11) after we restore dimensions
There is no guarantee that χ N = 1 in general, but we can use right multiplication by SL(2, R) element of the hyperbolic form (i.e. Diag(λ, λ −1 )) so that the picture of SL(2, R)
parameter space as illustrated in figure 2 will essentially be the same as the toy problem.
It is completely straightforward to repeat this computation for G(k) where the zero momentum limit is the susceptibility. One simply works in the ansatz (3.22) which gives rise to an equation of motion for φ(u) with an additional term proportional to k 2 .
For k = 0, the equation of motion is of hypergeometric type and is analytically solvable. In general, the k 2 term changes the equation of motion into the type with four or more regular singularities which appeared previously in the context of the study of glue-ball spectrum in AdS inspired QCD model building [35] . (See discussion around equation (2.7) of [35] .) Fortunately, the case of d = 2 provides a special case where the equation of motion for φ k (u) once again takes on a hypergeometric form. We will therefore present the result for this case in the following, although it is not very difficult to reproduce similar results for other dimensions by analyzing the equations numerically.
To proceed, one can simply compute the G N (k) for the Neumann case since the answer for the rest of SL(2, R) can easily be obtained by taking the modular transform. The only data we need to extract then is G N (k) = dp 1 /dp 2 for the solution satisfying the regularity boundary condition at the horizon. The analysis is identical to the kind of exercise done in appendix A. Let us simply quote the result here, that
We see that G N (k) has poles at
which is roughly where we would expect them. We can also infer the structure of the effective action
which is positive in the range 0 < ν < 1. This is simply the AdS version of the statement that the effective field theory is well behaved at the Neumann point just like in the toy model.
The main reason for our interest in computing G(k) is to identify which of its SL(2, R) relatives are tachyonic. A tachyon appears in G Λ (k) when
has a solution for real k. Just as was the case for G N (k) for the toy model, one can easily demonstrate (see figure 3 ) that
which implies that tachyons appear when
which is essentially identical to (2.34) aside from the fact that χ N is not equal to 1 here. But that can be absorbed in the rescaling action of SL(2, R).
We therefore conclude that the layout of our SL(2, R) family of models in the AdS context which we considered in this section is completely identical to what was illustrated in figure 2 for the toy model. All of the comments we made about boundedness and stability for the toy model carries over, with the one important exception that the holographic interpretation is more manifest for the scalars in anti de Sitter space.
It is interesting to compare the tachyon we find to that which was found in [36] . 8 Troost finds only one condition
but this could be attributed to the fact that he worked in the zero temperature limit where Ξ − , which we found in (3.21) asymptotes to infinity. We also find that the mass of the tachyon agrees in low temperature limit. In the zero temperature limit, the non-tachyonic mode delocalizes and forms a continuum, but the tachyon, and the tachyon alone, appears to survive as a discrete normalizable state. The same thing also happens in the toy model of section 2.
Application to AdS/CFT systems with second order phase transitions
Now that we have spelled out the essential features of SL(2, R) deformations for scalar field theory in the simple context of free scalars in anti de Sitter space, let us discuss how these features embed in the narrative of systems exhibiting non-trivial dynamics. There are now a plethora of interesting low energy dynamics which have been realized holographically. To keep the discussion concrete and concise, we will focus mainly on the example of holographic superconductors. This was the system where we first encountered a puzzle regarding the relationship between thermal instability and tachyonic instability. This example turns out to also be sufficient for discussing our understanding of issues being considered in this paper.
Consider the model of holographic superconductor introduced in [15] . In that prototype, a scalar with charge e coupled to a Maxwell field in AdS 4 at finite temperature was all that was required. The scalar would have been free had it not been for its coupling to the gauge field. The system of scalars and gauge field couple to gravity as well, but one can push the point of the second order phase transition into the regime where the probe approximation effectively captures the physics by taking e to be large. While it is not that much more difficult to incorporate the effects of gravitational back reaction as was done in [16] , we will focus mainly on the probe approximation which turns out to be adequate for discussing our issues.
We begin by recalling the relevant equationa of motion for the scalar and the gauge field given in (6) and (7) of [15] which take the form
where R is the AdS radius, Ψ(r) is the complex scalar, Φ(r) = A 0 (r), and we are working in the gauge A r = 0.
So the model consists of a scalar field with mass m 2 = −2 in d = 3 so that
This mass is consistent with the bound
The background bulk geometry is AdS 4 -Schwarzschild. From the boundary perspective, it is a field theory in (d−1) = 2 dimensions at finite temperature, or R 2 ×S 1 in the Euclidean perspective. Note that, for the time being, we are neglecting the momentum dependence along the (d − 1) = 2 directions.
We could write a Lagrangian from which these equations are derived, and add the boundary terms along the lines of (3.11) but we don't really have to, since the argument presented so far is general enough to show that the two point function transforms modularly under SL(2, R). If all that we are interested in is the computation of two point functions, all that we need is to compute it for the Neumann (or the Dirichlet) point, and infer the result for other cases in the SL(2, R) family of theories by computing the modular transform.
It is convenient to non-dimensionalize the problem by rescaling
so that the fluctuations are parameterized by
which is the same as (3.10).
The next step in holographic computation is completely standard. It can be shown that ψ(u) and φ(u) behave near the boundary (large u) as
where p 1 , p 2 , µ, and ρ are coefficients. At the horizon (u = 1), both (4.1) and (4.2) degenerates, giving rise to two linear constraints on {p 1 , p 2 , µ, ρ}. If we fix ρ and p 1 , the values of p 2 and µ are fixed uniquely. The parameter ρ measures the charge of the system in units of temperature with the relation
so that fixing Q and taking T to be large is equivalent to taking ρ to be small. The rest of the computation has to be done numerically. The standard technique is to explore the two dimensional parameter space of initial conditions for φ and ψ at the horizon, and compute the values of {p 1 , p 2 , µ, ρ}. Then, extract the set of (p 1 , p 2 ) corresponding to some fixed value of ρ.
To get a feel for the behavior of this system, we have included the plots of (p 1 , p 2 ) for few sample values of ρ in figure 4 . This plot is essentially the equation of state. The plot for ρ = 0 corresponds to the infinite temperature limit. Since the net charge is effectively zero, the scalar essentially decouples from the Maxwell field and the system reduces to the Gaussian model we reviewed in the previous section. Increasing ρ corresponds to reducing the temperature, and at ρ = 1.8, we see a solution for finite p 1 at p 2 = 0. This is the indication that the Neumann theory has undergone a second order phase transition. When ρ = 4.8, we see a solution with finite p 2 at p 1 = 0. This is the indication that the Dirichlet theory will undergo a second order phase transition. That the phase transition temperature for the Dirichlet theory is lower than that of the Neumann theory is precisely what was found in [15] . In figure 4 , we see the beginning of the trend that the equation of state is forming a tight spiral as the temperature is reduced.
9 This behavior appears to continue indefinitely, although we should expect Hawking Page type transition to set in and terminate this behavior if the volume of the system is taken to be strictly finite.
Everything we have said so far is straightforward and essentially taken from the literature [15] . However, our interest in these systems spawned from the attempt to understand the Landau-Ginzburg effective potential underlying these phase transitions. That information is encoded in the thermodynamic free energy, which, for the Neumann theory, is 10 G(p 1 ) = p 1 p 2 dp 1 (4.10)
which we can also compute using the standard black hole thermodynamic methods along the lines of [11] . It is also straightforward to understand that this free energy is equivalent to the effective potential
and when plotted for some values of ρ, looks like what is illustrated in figure 5 . We see the clear appearance of non-trivial vacua in the profile of Landau-Ginzburg potential for ρ = 1.8. By the time we reach ρ = 4.8, a swallow tail feature appears, but it is subdominant and does not affect the global phase structure.
So we find that everything behaves as expected for the Neumann theory, but what about the Dirichlet theory? In order to understand the equation of state for the Dirichlet theory in the same light, we should be plotting (p 2 , −p 1 ) instead of (p 1 , p 2 ). This makes the equation of state take the form illustrated in figure 6 .
The fact that the equation of state is sloped differently than the Neumann case implies that stability is reversed. This can be seen straightforwardly by computing the LandauGinzburg potential corresponding to these equations of states
(4.12)
Note that G(p 1 ) and F (p 2 ) are simply related via Legendre transform, as is expected. When plotted, they take the forms illustrated in figures 3 and 7.
Several issues immediately come to mind. The effective potential in the high temperature limit is unbounded from below. It appears that the system in question is not well behaved even in the high temperature limit where we expect to sit in the trivial vacuum. As the temperature is lowered, we encounter a swallow tail. It is not immediately clear if the Gibbsian ruling along the lines of [10] should be applied here at all. At lower temperature still, the potential does exhibit local minima with non-vanishing p 2 , but they are not the global minima, and as such it is not clear if a sensible physical interpretation can be given to this system. The simplest resolution is to dismiss the Dirichlet theory as non-sensical, and only treat the Neumann theory as the consistent formulation. On the other hand, it seemed rather draconian to abandon the Dirichlet AdS/CFT prescription since that is the one we usually regard as standard. This was the context in which we first encountered our puzzle.
Hopefully, the resolution to this puzzle is clear based on the discussion in previous sections. The canonical Dirichlet theory is ill defined since the susceptibility is negative and therefore the theory is unbounded even in the high temperature limit. However, one can find a close cousin of the Dirichlet theory by adjusting the contact term so that the theory becomes bounded. This then amounts to transforming p 2 → p 2 + qp 1 . We will set q = −2 for sake of illustration. Then, the equation of state becomes that which we illustrate in figure  8 where the slope is now positive in the high temperature limit implying boundedness. We also see that second order phase transition expected around ρ = 4.8 is still present. This is because the onset of the phase transition dp 2 dp 1 = ∞ (4.13)
is not affected by transformation of the form
ρ=0.
ρ=4.8 Figure 6 : −p 1 (p 2 ) for ρ = 0, ρ = 1.8, and ρ = 4.8. The Landau-Ginzburg effective potential now has the standard form as is illustrated in figure 9 .
Discussions
So far, we have presented a collection of facts and observations regarding boundedness and stability in simple models of AdS/CFT correspondence. In this section, we will summarize and describe how our results fit into a bigger picture.
We initiated our investigations upon noticing that the naive equation of state and the Landau-Ginzburg potential for simple holographic superconductors such as the one illustrated in figures 6 and 7 seemed quite pathological. It was clear already at that stage that by adjusting contact term contributions, both the equation of state and the Landau-Ginzburg potential could be made to look more sensible, as illustrated in figures 8 and 9. However, at this level of understanding, such tuning seemed rather ad hoc, and it was not immediately clear how to physically interpret it. One thing that was clear was that this issue can be discussed strictly in the high temperature limit where the interactions can be considered weak. This prompted us to study the Gaussian limit of scalar fields in anti de Sitter space.
Our puzzle was that in the window where both Neumann and Dirichlet theories are expected to exist and to be related by a Legendre transform, one, but not the other, has negative susceptibility and is therefore unbounded. It was therefore natural to explore interpolating between these two points by introducing double trace deformations, and to take
ρ=0.18
ρ=0.48 Figure 8 : −p 1 (p 2 − 2p 1 ) for ρ = 0, ρ = 1.8, and ρ = 4.8. a closer look in the region of theory space where the susceptibility is changing sign. This led us to explore the space of theories reachable by combining double trace deformations and Legendre transforms. This then led to the realization that the space of theories organizes itself into a group manifold of SL(2, R), and that one of the generators of SL(2, R) can be interpreted as parameterizing the contact term.
That such a contact term is physical was also noted by Witten in the context of a spin 1 field in the bulk. One can in fact see that the possibility of contact terms arising was noticed many times in the literature. In most places where they appeared, the contact term contributions were ignored in the subsequent analysis. In this article, we are emphasizing that these contact terms are indeed physical and do affect observables such as the LandauGinzburg effective potential.
From the point of view of holography, the dependence on SL(2, R) only appears as boundary terms in the bulk action, and contact terms do not affect the bulk dynamics. It is natural therefore to interpret this freedom as freedom in renormalization scheme. Certain observables, such as the critical temperature for the second order phase transition in holographic superconductors, are not dependent on contact terms. Nonetheless, we assert that certain observables, such as the thermodynamic Landau-Ginzburg potential, are scheme dependent and as such, should be considered physical.
A natural question that then arises is whether all of the theories which arise in this SL(2, R) family are well defined. We claim that the answer to that question is no. We argued, using a simple toy model, that a Gaussian ensemble with negative susceptibility is not well defined and excluded from consideration. We also found tachyonic instabilities in some part of the SL(2, R) family of theories. The explicit "map" of the regions of SL(2, R) theory space where the system exhibits unboundedness and tachyons was illustrated in figure  2 , which encapsulates our primary technical result. We find that the unbounded region and the tachyonic region in theory space do have some overlap, but are otherwise distinct. Taken at face value, this implies this result can be viewed as an explicit counter-example to the correlated stability conjecture of [29] . 11 We do find a region around the Neumann theory where the theories are both bounded and tachyon free.
We take the point of view that unbounded theories should be excluded from consideration as defining a sensible theory. For Gaussian theories, we also consider tachyonic models as ill defined. It would be interesting to understand if and when non-linearities can stabilize the tachyonic instabilities in bounded theories, although at least in the context of models of holographic superconductors we considered, the system appears to behave essentially as a Gaussian model in the high temperature limit. It is also interesting to explore if anything can be said about models corresponding to special points, such as intersections of leaves, and points corresponding to the boundary of AdS 3 in theory space, as illustrated in figure 2.
The boundedness/unboundedness issue appears to be independent of dynamical stability issues, and as such, it appears to also be orthogonal to positive energy theorems in the bulk [24] [25] [26] 41] . It would be interesting to understand if there is nonetheless some relation between these concepts. Any relation, should it exist, must somehow involve the physics of contact terms.
One concrete observation we presented in this paper is the fact that the double trace deformation and Legendre transform combine to span an SL(2, R) space of theories, with each of the three generators of SL(2, R) interpretable as being parameterized by the coefficient of a double trace term, a contact term, and a normalization, for each operator dual to a scalar field. It is natural to expect that this SL(2, R) structure generalizes to something bigger, perhaps an SL(∞, R), if we were to consider more general, multi-trace deformations. Most likely, generators of this extended group will include contact-terms for higher point correlation functions. It would be interesting to further explore this issue.
Perhaps an even more ambitious extension to consider is to allow momentum dependence in multi-trace and contact term deformations. Roughly speaking, one expects such a generalization to lift the SL(2, R) or its multi-trace generalization into an affine group. Some attempts to introduce momentum dependence to the double trace deformation have been explored in [27, 34] . The fact that double trace and contact term deformations naturally combine offers a new perspective on generalizing the boundary dynamics and exploring ways to "cure" non-unitary theories. For instance, the generating function (3.11) which we introduced in section 3 can be generalized by adding an explicit kinetic term for φ as well as ρ on the boundary. Just as contact terms were useful in curing unbounded theories, it is possible that the terms with derivatives acting on ρ could systematically cure the ghost modes in non-unitary theories without having to keep the radial cut-off finite, as was done in [27] .
One way to think about the contact terms is that we are tuning an additive constant in the two point function, which does not affect the distribution of poles of the two point function in momentum space. So some physical observables are not affected by such deformation, although the two point function itself is affected. A natural generalization of this statement is that any function that is analytic in momentum can be added to the two point function. These functions are also interpretable as derivatives of contact terms. While these terms are often ignored in conformal field theories where one computes point split correlation functions in position space, they do affect observables such as finite temperature zero momentum observables, and as such is physical. We are then led to explore which, if any, of the theories constructed this way are well defined.
Recently there has been some resurgence of interest in exploration of AdS/CFT with explicit radial cut-offs and their interpretation on the field theory side as coupling of additional degrees of freedom [27, [42] [43] [44] [45] . It would be extremely interesting to study how ideas discussed in these and related works fit in the context of generalized SL(2, R) structure, whatever that may turn out to be. The first natural steps in pursuing this line of questions is to simply generalize figure 2 for spin 1/2, spin1, and spin 2 fields on the bulk. We hope to report on these topics in the near future. Figure 10 : χ N = dp 1 /dp 2 for scalar fields in AdS 4 for −d 2 /4 < m 2 .
